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ABSTRACT

An algorithm is presented for generating the set of n x n

positive-definite symmetric matrices, based on the choice of

Biﬁii_ll arbitrary parameters.

This method was developed as a necessary step in the de-
velopment of an approach to the problem of estimating the domain
of attraction of an equilibrium solution to a system of nonlinear
autonomous differential equations. The technique however, is
general, and may be applied to any problem‘requiring this type

of matrix.
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INTRODUCTION

In conjunction with research being done on the formulation
of numerical techniques for estimating the domain of attraction
of an equilibrium solution to a nonlinear dynamical system, the
need arose for an efficient algorithm to generate a set of
n x n positive-definite symmetric matrices. These matrices can
be used as candidate "Q" matrices which in turn give rise to
associated "P" matrices through the solution of the Liapunov
equation, ATP + PA = - Q. Having parameterized the Q set,
one can proceed in an orderly fashion in pursuit of an "optimal"
quadratic form Liapunov function to resolve the domain of sta-
bility problem (see Ref. 1).

Another problem area for which this matrix generation tech-
nique has potential application is in the class of optimization
problems where the so-called conjugate direction methods are
employed (Refs. 2 and 3). In many of these methods, the initial
arbitrary or random choice of a positive-definite symmetric

matrix is required.

This memorandum discusses a procedure and associated computer

program for satisfying the above requirements.



DEVELOPMENT OF THE NUMERICAL ALGORITHM

The generation of the set of positive-definite n x n sym-
metric matrices can be carried out by resorting to the brute force
approach of forming an arbitrary n x n symmetric matrix and then
applying the determinantal test (Ref. 4) for positive-definiteness.
The arbitrary choice of Eiﬁét_£l matrix elements followed by the
evaluation of the determinants of the n-principal minors would
be necessary. It would be desirable to generate these matrices
by a procedure that guarantees all to be positive-definite, and
in addition, that the entire set of positive-definite matrices be
spanned.

It is well known (Ref. 4) that all real symmetric matrices
are orthogonally similar to a diagonal matrix, and that all posi-

tive-definite (pd) matrices are then orthogonally similar to a

diagonal matrix with positive-diagonal elements; i.e., let Q be

pd, then
qQ = stas , (1)
where
A = diag {)‘1’ Ay , xn}
%i >0 i=1, 2, ..., n (2)
sTs = 1
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Thus, the parameterization of all pd matrices, Q, 1is reduced
to the parameterization of the group of orthogonal matrices, S.
In Ref. 5, Murnaghan proves that the parameterization of the

group of n x n unitary matrices U 1is accomplished by the fac-

torization
n-1
U=D ||| Upee| =D ® U g X oo x Uy, (3)
=1
where
id id id__ i
D = diag {e l, e 2, veey € n 1, e n} s (4)
n-1
- | |
f=k+1
(2n - k)(k - 1)
v = 5 + 1,
2n - k)(k - 1
p = (20 ;( ) +1+n-12,
(2n - k- 2)(k - 1)
W= 2 + (n = Z) ’
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uzz = cos O
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0 = - ~io .o

ki = e sin
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The factorization of the group of orthogonal matrices is imme-

diately obtained by requiring U to be real; i.e., b =0 = o,

n -—
n-1
s=0, [ ]| Sl - @
=1
D, = diag {1, e, 1, % 1} , (8)
n-1
S = | T Sie®) [Skn(Qk)] s 8, (8)) = Uy, (0, 0)
f=ktl
(9)
Lo fen -k -22)(k R

¢ =7, - T S Pk < 7Ty, kK #n, and - % <0 S %. In particular,
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: o (n-1@ - 2)
This factorization contains 2 thetas and n phis,
n(n - 1) .
or a total of — + 1 parameters. The n lambdas in
] n(n + 1)
Eq. (2) raise the number of parameters to — + 1, or one

more than required. Thus, if we restrict S to be a rotation

matrix (i.e., choose P, = 0), the number of parameters will be
n(n + 1) : : :
B N the number required to represent an arbitrary symmetric

matrix. The choice ®y = 0 is intuitively motivated by the con-
sideration that we wish to rotate and scale the ellipsoid associated
with the quadratic form formed from the pd matrix and do not
want to reflect coordinates or change the handedness of the co-
ordinate system.

The factorization of a pd matrix of dimension three is thus

given by
P =SS , (10)
where
/7\1 o 0
A= 0 N, O , (11)
\o 0 5
Al’ Kz, %3 >0,
and
5 = 5,51 = $93(%))8,(81)813(9) (12)



ST KT, TP KT, -5 <6<

Thus, it

restrictions

the candidate

Syq = K 0
0

12 1

[

L0

513 =
SCPl

c@l = CO0S ¢l s

is clear that by

0 s i=
I =
9 <9 1

Q matrices are

The constraints, Eq. (14), can

8@2 C¢2
-sGl 0
c@l 0 s
0 1
0 -s@l\
1 0 3 s
0 c@l/

2

ol

swl = sin ¢1 .

(13)

using this representation under the

1, 2, ..., n -1

(n-1@-2)

1, 2, ..., 5

(14)

guaranteed to be positive-definite.

be removed by defining:




.

i ? ny real
(15)

L. :
0, = 2( T + Gi mod 2m) , o, real

and recognizing that since the @i's only appear as arguments of

trigometric functions, they can be arbitrary real numbers.
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COMPUTER PROGRAM

A computer program which implements the preceding numerical
algorithm has been developed and is being used in conjunction with
the problem of finding an "optimal" quadratic Liapunov function
for a 9th order quasi-linear differential equation. The dimen-
sion of the problem, however, is read as data and is arbitrary.

To use the program, one must specify the parameters: My

4 1 1

nz;b... N, 81; 82; e @k; wl; mz; ces wn-l’ where the restric-

tions of Eq. (15) hold. The names given to these arrays are:

n array = XLAM (I)
1

& array = THETA (I)

® array = PHI (I)

If it is desired to print out the orthogonal matrix, S, which
is used in Eq. (11), the control variable PP is set equal to
1.0, otherwise it is set equal to zero. This matrix [S] 1is
called B(I, J) in the program. The final required output of
the program is Q(I, J), an n x n positive-definite symmetric
matrix. Enclosed in the appendix is the complete computer pro-

gram listing.
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